This paper deals with optimal dividend payment problem in the general setup of a piecewise-deterministic compound Poisson risk model. The objective of an insurance business under consideration is to maximize the expected discounted dividend payout up to the time of ruin. Both restricted and unrestricted payment schemes are considered. In the case of restricted payment scheme, the value function is shown to be a classical solution of the corresponding Hamilton-Jacobi-Bellman equation, which, in turn, leads to an optimal restricted dividend payment policy. When the claims are exponentially distributed, the value function and an optimal dividend payment policy of the threshold type are determined in closed forms under certain conditions. The case of unrestricted payment scheme gives rise to a singular stochastic control problem. By solving the associated integro-differential quasi-variational inequality, the value function and an optimal barrier strategy are determined explicitly in exponential claim size distributions. Two examples are demonstrated and compared to illustrate the main results.
Introduction
The dividend problem in classical insurance risk models was originated in de Finetti [9] , followed by revived interests in recent literature focusing on optimization of dividend payment strategies. The optimality is often considered to be a strategy which maximizes the expected present value of dividends received by the shareholders. Jeanblanc-Picqué and Shiryaev [16] and Asmussen and Taksar [2] investigated in diffusion models the dividend problems where the dividends are permitted to be paid out up to a maximal constant rate or a ceiling. We shall refer to such a type of dividend problem as restricted payment scheme. It was shown in their papers that the dividends should be paid out at the maximal admissible rate as soon as the surplus exceeds a certain threshold. Interestingly, it turns out that such a threshold strategy is the optimal restricted payment scheme in a variety of other risk models. For example, Gerber and Shiu [13] discussed the threshold strategy in the compound Poisson model and solved the problem explicitly when the claim size is exponentially distributed. Fang and Wu [10] studied a similar problem in the compound Poisson risk model with constant interest and showed the optimal dividend strategy is a threshold strategy for the case of an exponential claim distribution. See also Asmussen et al. [1] , Bai and Paulsen [4] , Choulli et al. [6] , Paulsen and Gjessing [20] , Schmidli [22] , and references therein for some important developments on optimal dividend policies in the setting of controlled diffusions.
On the other hand, there has also been a significant amount of literature on dividend payment problems, where there is no such restriction of maximal rate imposed on dividend payment strategies. We shall refer to this type of dividend strategy as the unrestricted payment scheme. Unrestricted payment schemes are motivated by the fact that the boundedness of the dividend payment rate seems rather restrictive in many real-world applications. For instance, the insurance company is more likely to distribute the dividend once or twice a year; resulting unbounded payment rate. In such a scenario, the surplus level changes drastically on a dividend payday. In other words, the surplus level may displace abrupt or discontinuous changes due to "singular" dividend distribution policy. This gives rise to a singular stochastic control problem. Such problems are studied in Choulli et al. [6] , Paulsen [18, 19] , Paulsen and Gjessing [20] , and the references therein when the surplus dynamics is modeled by a controlled diffusion. But to the best of our knowledge, related work in the setting of piecewise-deterministic compound Poisson risk model is relatively scarce. One exception is Schmidli [23, Section 2.4] , which formulates and solves an optimal unrestricted payment problem when the surplus process follows a classical Cràmer-Lundberg risk model.
As pointed out in Cai et al. [5] , the classical Cràmer-Lundberg risk model and the compound Poisson risk model with interest, absolute ruin are all special cases of piecewisedeterministic compound Poisson (PDCP) risk model. One naturally asks whether there exist unifying optimal solutions to both dividend payment schemes in piecewise-deterministic compound Poisson risk models. If so, can we confirm in general that the threshold strategy is the optimal restricted dividend policy whereas the barrier strategy is the optimal unrestricted dividend policy? We provide affirmative solutions to both questions in this paper under certain conditions.
The contribution and novelty of this work arise from several different aspects. First, we formulate and solve the problem within the framework of stochastic control theory in the specific setting of piece-wise deterministic compound Poisson risk model. Roughly, the idea is to pay out the dividend at a dynamic rate in such a way that a certain reward function is optimized. Compared with the aforementioned related work in the setup of controlled diffusions, the associated Hamilton-Jacobi-Bellman equation in our work contains a nonlocal term (the integral term with respect to the claim size distribution), resulting substantial difficulty and technicality in the analysis. Nevertheless, we use renewal type arguments to overcome this difficulty and establish the Hamilton-Jacobi-Bellman equation. Furthermore, we obtain explicit solutions in exponential size distributions. Second, the generality of pure jump models in which both restricted and unrestricted payment schemes are presented and directly compared. Although special cases of the piecewise-deterministic compound Poisson risk model have been treated in the literature, this paper extends the spectrum of risk models which exhibit similar properties of optimality. Finally, it is worth mentioning that the solution methods presented in this paper can be more efficient alternatives of the approaches used in the existing literature.
The rest of the paper is organized as follows. The optimality of dividend strategies is formulated as a stochastic control problem in Section 2. In particular, we consider in Section 3 the restricted dividend payment schemes. We derive some properties of the value function and show that the value function is a classical solution to the Hamilton-Jacobi-Bellman equation (3.6) . In Section 4, we formulate the optimal unrestricted payment scheme problem as a singular stochastic control problem. A verification theorem is established. Furthermore, under some fairly general conditions, we provide an explicit procedure to obtain an optimal dividend barrier and the corresponding optimal value function. When the claims are exponentially distributed, we obtain explicit solutions for both the restricted and unrestricted dividend payment schemes in Sections 3 and 4, respectively. Finally, the paper is concluded with several remarks in Section 5.
To facilitate later presentations, we introduce some notations here. We use I A to denote the indicator function of a set A. Throughout the paper, we use the notations ξ(t) and ξ t interchangeably. A function ξ from [0, ∞) to some Polish space E is càdlàg if it is right continuous and has left limits in E. When E = R and ξ is càdlàg, then ∆ξ(t) = ξ(t) − ξ(t−) for t > 0 and the convention ∆ξ(0) = ξ(0) is used. The continuous part of ξ is denoted by ξ c (t) := ξ(t) − 0≤s≤t ∆ξ(s). As usual, sup ∅ = −∞ and inf ∅ = +∞.
The Mathematical Model and Problem Formulation
To give a rigorous mathematical formulation of the optimization problem, we start with a filtered probability space {Ω, F , {F t } t≥0 , P}. We assume that in the absence of dividends, the surplus level is modeled by a piecewise-deterministic compound Poisson process.
Definition 2.1. A piecewise-deterministic compound Poisson (PDCP) process is a realvalued stochastic process X = {X(t), 0 ≤ t < ∞}, defined on a given probability space {Ω, F , {F t } t≥0 , P}. satisfying the following properties:
(ii) Let 0 = T 0 < T 1 < T 2 < · · · denote a sequence of jump points of the process X. Assume that T i+1 − T i has exponential distribution with mean 1/λ > 0 for every i = 0, 1, . . . Then the adapted counting process defined by N(t) = ∞ i=1 I {T i ≤t} follows a homogeneous Poisson process with intensity rate λ,
and identically distributed nonnegative random variables with common distribution function Q(y) = 1 −Q(y) = P {Y 1 ≤ y} , 0 ≤y < ∞, (iv) The process between any two consecutive jumps is deterministic and given by
where φ z (t) is determined by
satisfies the linear growth condition and is Lipschitz continuous on its domain B.
By virtue of [8] and [21] , the generator of the PDCP is defined as
where h is continuously differentiable.
As pointed out in Cai et al. [5] , the class of PDCP processes includes many interesting risk models which appeared in the literature such as the compound Poisson risk models with interest, absolute ruin, dividend, and their respective dual models. The corresponding expressions for g(x) and φ x (t) for these specific models are as follows.
• In the classical compound Poisson model, the deterministic piece between any two consecutive claims is given by g(x) = c, x ≥ 0. Hence, φ x (t) = x + ct, x ≥ 0, and L = ∞.
• In the modification of the classical compound Poisson model where all positive surplus earns interest at rate ρ > 0, g(x) = ρx + c, x ≥ 0. Hence, φ x (t) = (x + c/ρ)e ρt , x ≥ 0.
We now enrich the model by considering dividend payout. We denote by D(t) the aggregate dividends by time t. We assume that D = {D(t), t ≥ 0} is càdlàg, nondecreasing, and F t -adapted with D(0−) = 0. Moreover, we require that at any time t, the dividend payment should not exceed the current surplus level, i.e.,
Any dividend payment scheme D = {D(t), t ≥ 0} satisfying the above conditions is called an admissible control and the collection of all admissible controls is denoted by Π. The dynamics of the controlled surplus process under the admissible control D is
The ruin time is denoted by
where x ≥ 0 is the initial surplus.
The performance functional or the expected present value (EPV) of dividends up to ruin is defined as
where δ > 0 is the force of interest. The objective is to find an admissible control D * ∈ Π that maximizes the performance functional. That is
Note that V (x) = 0 for all x < 0.
Restricted Payment Scheme
We first consider problem (2.5) for the case when the dividend payment scheme D is absolutely continuous with respect to time. That is, there exists some u(t), t ≥ 0 such that
Moreover, we assume that u(t) is F t -adapted and that there exists some positive constant u 0 with u 0 < g(x) for all x ≥ 0 such that
Denote the collection of all such dividend payment schemes by Π R . The EPV corresponding to the initial surplus x ≥ 0 under the dividend payment policy D = {D(t), t ≥ 0} is given by
The goal is to find an admissible policy D * R ∈ Π R such that
Note that a number of papers, including [10] and [13] , consider the problem of seeking optimal restricted payment scheme in the classical compound Poisson model with or without interest.
Apparently, we have V R (x) ≤ V (x) for all x ≥ 0, where V (x) is the value function defined in (2.5).
The Value Function
We first derive some elementary properties of the value function (3.2), which will help us to establish the HJB equation in Theorem 3.2. Proof. That the function V R (x) is bounded by u 0 /δ is obvious. The rest of the proof is divided into several steps.
Step 1. (Monotonicity) Let x 2 > x 1 ≥ 0. Denote by X 1 (t) the surplus process under the dividend payment scheme
for all t ≤ τ 1 . Let X 2 (t) be the surplus process under the dividend payment scheme u 2 (·) and initial surplus level x 2 and τ 2 := inf {t ≥ 0 : X 2 (t) < 0} . Then apparently we have τ 2 ≥ τ 1 . Consequently it follows that
Finally, taking superemum over
Step 2. (Lipschitz Continuity) Let h be a small positive value andD ∈ Π R be an arbitrary strategy. Define another strategy D ∈ Π R so that
Denote by X(t) the surplus process with initial surplus x > 0 under the dividend payment strategy D. It is clear that if T 1 > h, then the surplus at time h is X(h) = φ x (h). Therefore it follows that
which implies by taking the supremum over all possible strategiesD that
with the last inequality from the fact that V R (x) is an increasing function and g(x) ≥ 0. Thus V R (x) is right continuous by the continuity of φ x (h) and the squeeze theorem. Letting
, we obtain
Hence left continuity follows. Now it follows from (3.4) that
Therefore, V R (x) is indeed Lipschitz continuous.
Step 3. (Limit at ∞) Let D(t) := u 0 t for all t ≥ 0. Denote the surplus process by X(t) under the strategy D and initial surplus x > 0 and by τ the corresponding ruin time. Then as x → ∞, τ converges to infinity. Therefore
this, together with the boundedness of V R (x), leads to the desired conclusion. ✷
The HJB Equation
We need the following dynamic programming principle. For any F t -stopping time θ,
The dynamic programming principle is well-known in the diffusion case (see, for example, Flemming and Soner [11] and Krylov [17] ). The dynamic programming principle is also proved for jump diffusions in Ishikawa [14] . In the case of PDMP, the dynamic programming principle can be found in Davis [8] , see also Azcue and Muler [3] . The dynamic programming principle will help us to derive the Hamilton-Jacobi-Bellman (HJB) equation.
is differentiable and fulfils the HJB equation
Proof. The proof is motivated by Schmidli [23, Theorem 2.32].
Step 1. Let h > 0 and u
The waiting time T 1 for the first claim has density λe −λt and T 1 is larger than h with probability e −λh . Using the law of total probability and taking θ = T 1 ∧ h in (3.5), we write
Rearranging the terms and dividing by h yields
, and noting the continuity of g, φ(·, x) is strictly increasing and φ(t, x) → x as t → 0. Hence we can choose a sequence {h n , n ≥ 1} satisfying h n → 0 as n → ∞ and
By the definition of φ(h n , x), we have φ(h n , x) → x as n → ∞. Also, we have from the continuity of g that as n → ∞
Hence it follows that
Now taking h = h n in (3.8) and letting n → ∞, in view of (3.9), detailed calculations reveal that
Step 2. On the other hand, by the definition of V R in (3.2), there exists a strategȳ
Then as argued before,
We find by rearranging the terms and dividing by h that
Then it follows that lim sup
As in Step 1, we can choose a sequence h m → 0+ such that
Now by taking h = h m and letting m → ∞ in (3.11), we obtain
Step 3. Note that g(x) −ū ≥ g(x) − u 0 > 0. Hence, by taking u =ū in (3.10) and comparing the resulting equation with (3.12), we have
is differentiable from the right. Moreover, a combination of (3.10) and (3.12) yields that V ′ R (x+), the right derivative of V R , satisfies the HJB equation
Similarly, we obtain that the left derivative V ′ R (x−) exists and fulfils the HJB equation
Step 4. With (3.13) in hands, we claim that
Hence we have
.
, then we have
Hence the first case in (3.15) follows. Similar arguments establish the other two cases in (3.15).
Similarly, (3.14) leads to 
An Optimal Strategy
Note that the HJB equation (3.6) is linear in u. The maximum value of the expression in the left hand side of (3.6) is achieved when u = 0 or u = 1, corresponding to whether
where X * R (t) is the corresponding surplus process under the strategy (3.17).
Theorem 3.3. The strategy (3.17) is optimal, i.e.,
Proof. Let u * R and X * R as in above, and denote τ := inf {t ≥ 0 : X * R (t) < 0}. Applying the Itô formula, we have
Therefore, taking expectation in (3.18), we have Combining with the HJB equation (3.6), it follows that
Moreover, since V R (y) = 0 if y < 0, we have
Therefore, in view of Lemma 3.1, the bounded convergence theorem leads to
Finally, by letting t → ∞ in (3.21), we obtain that
This completes the proof. ✷
Exponential Claims
In order to obtain an explicit solution to the HJB equation (3.6) and an optimal dividend payment policy, we assume that the claims Y 1 , Y 2 , . . . are independently and exponentially distributed with density function
where α is some positive constant. In addition, we assume
has a strictly increasing solution ψ 1 (x) and the differential equation
has a bounded concave solution ψ 2 (x).
Theorem 3.4. Under hypothesis A, assume there exists a unique number
Then the value function V R (x) is given by
Moreover, the optimal dividend payment policy is the threshold strategy
where X * is the corresponding controlled surplus process.
Proof. Denote the function defined by the right-hand side of (3.25) by Ψ(x). Note that Ψ is continuously differentiable with Ψ ′ (d) = 1. Since both ψ 1 and ψ 2 are concave functions, we must have Ψ ′ (x) > 1 for 0 ≤ x < d and Ψ ′ (x) < 1 for all x > d. Hence by virtue of Theorems 3.2 and 3.3, it only remains to show that Ψ satisfies the HJB equation (3.6).
It is clear by definition that
Therefore Ψ solves the HJB equation (3.6) if we can show that
To this end, we define
Then it is straightforward to verify that αψ 2 (x) = h ′ (x) + αh(x). Denote the left-hand side of (3.23) by LHS. Then
Therefore by multiplying e αx on both sides of (3.23), we obtain the equation
Recall that h(d) = 0. Hence, dividing both sides of the equation above by ψ 
(3.28)
It follows from (3.22) that
This, together with (3.24), implies that
(3.29)
Now dividing both sides of (3.28) with the right-hand side replaced by the last line of (3.29) gives
We obtain the following after rearranging the terms
which is equivalent to
Hence, (3.27 ) is proved by the definition in (3.25) . This finishes the proof of the theorem. ✷ 
then similar arguments as those in the proof of Theorem 3.4 imply that
solves the HJB equation (3.6) . Moreover, thanks to Hypothesis A,
Thus the value function is
and the optimal restricted dividend payment scheme is to pay the maximal rate u 0 until ruin.
Example 3.6. To illustrate our results, let us consider the special case when g(x) ≡ c > 0 and the claim size distribution
We seek for a strictly increasing solution ψ 1 (x) to the integro-differential equation
and a bounded concave solution ψ 2 (x) to the differential equation
As argued in [12] , the unique (up to a constant multiple) strictly increasing solution to (3.30) is
where −α < s < 0 < r are the roots of
Similarly, the differential equation (3.6) has a unique (up to a constant multiple) bounded concave solution
where t is the negative root of
By virtue of condition (3.24), we obtain (r + α)e rd − (s + α)e sd r(r + α)e rd − s(s + α)e sd = 1 t + u 0 δ .
Solve the above equation for
which agrees with (9.15) of Gerber and Shiu [13] . However, our approach is considerably simpler than their method of optimizations.
Assume that d > 0, or equivalently,
We claim that ψ 1 is concave on the interval (0, d). In fact, it is straightforward to verify that the function ψ ′ 1 (x) = r(r + α)e rx − s(s + α)e sx is decreasing on (−∞, b) and increasing on [b, ∞), where
Therefore the desired concavity will follow if we can show that d ≤ b. Recall that −α < s < 0 < r. Thus a comparison between (3.33) and (3.35) reveals that it suffices to prove
or, equivalently,
detailed calculations reveals that αδ + t(λ + δ) < 0, which, in turn, leads to (3.37). Therefore it follows that ψ 
and the optimal restricted dividend payment scheme is the threshold strategy given in (3.26).
Unrestricted Payment Scheme
In Section 3, we considered the case when the dividend payment rate is bounded. Consequently, the surplus level changes continuously in time t in response to the dividend payment policy. However, in many real situations, the boundedness of the dividend payment rate seems rather restrictive. For instance, the insurance company is more likely to distribute the dividend once or twice a year; resulting unbounded payment rate. In such a scenario, the surplus level changes drastically on a dividend payday. In other words, the surplus level may displace abrupt or discontinuous changes due to "singular" dividend distribution policy. This is generally termed as a singular stochastic control problem in the literature (see, for example, Flemming and Soner [11] ). In light of these discussions, we consider the (singular) optimal dividend payment policy for the piecewise deterministic Poisson risk model introduced in Section 2. Thus, throughout this section, D(t), the total amount of dividends paid out up to time t, is not necessarily absolutely continuous with respect to t.
The following proposition can be proved using exactly the same arguments as those used in [24] . It indicates that the value function V defined in (2.5) is nondecreasing. 
The Verification Theorem
The following verification theorem will help us to find the value function and an optimal dividend payment strategy.
Theorem 4.2. Suppose there exists a continuously differentiable function ϕ : R → R + satisfying ϕ(y) = 0 for y < 0 and that it solves the following quasi-variational inequality:
(b) Define the continuation region
Assume there exists a dividend payment scheme π * = {D * (t) : t ≥ 0} ∈ Π and corresponding process X * satisfying (2.2) such that, 6) where
for every x ≥ 0 and π * is an optimal dividend payment strategy.
Proof. (a) Fix some x ≥ 0 and π = {D(t) : t ≥ 0} ∈ Π and letX denote the corresponding solution to (2.2) . Choose N sufficiently large so that x < N and define β N := inf{t 
It follows from (4.2) that
where ∆ϕ(X(s)) = ϕ(X(s)) − ϕ(X(s−)). Applying the mean value theorem to ∆ϕ(X(s)), we obtain ∆ϕ(X(s)) = ϕ ′ (ξ(s))∆X(s),
Thus it follows that
Using (4.2) again and noting that ϕ is nonnegative, it follows that
Now letting N → ∞, it follows from (4.7) and the bounded convergence theorem that
Finally, taking supremum over all π ∈ Π, we obtain ϕ(x) ≥ V (x), as desired.
(b) Let π * = {D * (t), t ≥ 0} ∈ Π satisfy (4.3)-(4.6). Define β N and τ N as before with X * replacingX. As in part (a), we have from Itô's formula that
By (4.3), (A − δ)ϕ(X * (s)) = 0 for almost all s ∈ [0, τ ]. This, together with (4.4) and (4.6), implies that
Letting N → ∞ and using (4.5) and (4.7), we obtain
This shows that ϕ(x) = J(x, π * ) = V (x) for every x ≥ 0 and π * is an optimal dividend payment scheme. ✷
Exponential Claims
In order to obtain an explicit solution to the quasi-variational inequality (4.2) and an optimal dividend payment policy, as in Section 3.4, we again assume that the claims Y 1 , Y 2 , . . . are independently and exponentially distributed with mean 1/α for some α > 0.
In what follows, we construct an explicit solution to (4.2), and verify that the solution is the value function defined in (2.5). To this end, we suppose
has a continuously differentiable and strictly increasing solution ψ(x). Moreover, ψ ′ (x) achieves its minimum value at b > 0 and ψ ′ (x) is nondecreasing on (b, ∞). 
Proof. Note that Φ ∈ C 1 . Obviously, if x ≤ b, thanks to Hypothesis B, Φ(x) satisfies (4.2). If x > b, Φ ′ (x) = 1. Therefore it remains to show that
To this end, we claim that
By virtue of Hypothesis B, ψ ′ (x) > 0 for x > 0 and ψ ′′ (x) ≥ 0 for x > b. Hence it follows that
Since Φ(x) defined in (4.9) solves the quasi-variational inequality (4.2), thanks to Theorem 4.2, we have V (x) ≤ Φ(x) for any x ≥ 0. The next theorem implies that we can find an admissible dividend payment policy D * such that J(x, D * ) = Φ(x) for any x ≥ 0. Therefore it follows that Φ(x) = V (x) and that D * is the optimal policy.
Theorem 4.4. Under Hypothesis A, the strategy given by continuous part 15) and singular part ∆D
with D * (0−) = 0 is the optimal control that corresponds to Φ(x) given in (4.9). Thanks to the special structure of the piecewise deterministic Poisson risk model, we present an alternative proof. Suppose 0 ≤ x < b. Denote π * = {D * (t), t ≥ 0} and W (x) = J(x, π * ) with D * given in (4.15). Using the law of total probability at t = T 1 ∧ h for a sufficiently small h > 0 such that φ x (h) ≤ b and applying the strong Markov property,
Since φ x (t) is uniquely determined by
We make a change of variables by letting z = φ x (s) and thus ds = (1/g(z)) dz and
dz, which clearly shows that W (·) is absolutely continuous. We denote the two terms on the right-hand side by I 1 and I 2 respectively. Thus, by taking derivatives on both sides with respect to x, we have
which shows that W (·) must satisfy (4.8) . It is easy to show in a manner similar to Step 1 of Lemma 3.1 that W (·) must be strictly increasing and hence W (·) = Cψ(·) for some constant C > 0 to be determined.
Clearly, when x > b, according to (4.15) and applying strong Markov property, we obtain
(4.16) When x = b, the surplus level X stays at b until the time of first claim. Conditioning on the time of first claim, we have
Therefore,
Therefore, together with (4.16), we complete the proof that W (x) = Φ(x) given in (4.9). ✷ Example 4.5. Similar to Example 3.6, we consider a controlled piece-wise deterministic compound Poisson surplus process. As in Example 3.6, we take g(x) = c > 0 and Q(y) = 1 −e −αy , y ≥ 0. But in contrast to Example 3.6, here we allow the optimal dividend payment policy to be singular.
Recall that ψ(x) = (r + α)e rx − (s + α)e sx solves the integral-differential equation (4.8) and that ψ ′ (x) = r(r + α)e rx − s(s + α)e sx achieves its unique minimum value at
and that ψ Note that our result agrees that of Schmidli [23, p. 94] . But our approach is much simpler than theirs.
Finally we demonstrate the comparison of restricted and unrestricted payment schemes through a numerical example, in which α = 1, δ = 0.1, c = 4, λ = 2, and u 0 = 3. Note that both (3.34) and (4.17) are satisfied. The resulting unrestricted and restricted value functions V (x) and V R (x) are shown in Figure 1 (a) . We also plot the difference V (x)−V R (x) in Figure  1 
Conclusions and Remarks
This work is devoted to the optimal dividend payment problem for the piecewise-deterministic compound Poisson risk model. Under certain conditions, it is shown that the optimal restricted dividend payment scheme is the threshold strategy, in which dividends are paid only at the maximal rate when the surplus attains a certain level; and the optimal unrestricted dividend payment scheme is the barrier strategy, in which dividends are only paid at times when the surplus reaches a (possibly different) level and at such a rate that the surplus stays at the same level until claim arrival and/or ruin. To demonstrate the main results, two examples are calculated and compared in some details.
A number of questions deserve further investigations. In particular, one can consider more realistic models in which the parameters and hence the dynamics of the surplus level depend on a stochastic process such as a continuous-time Markov chain. In such a case, we need to deal with regime-switching jump diffusions ( [25] ) and the resulting HJB equation will be a coupled system of nonlinear integro-differential equations. It is conceivable that it will be much more challenging to obtain the corresponding value function and optimal dividend policy in closed forms. Some initial work in this vein can be found in [26] . It will also be interesting to approach the optimal dividend payment problem in the setting of piecewise deterministic compound Poisson risk model using the powerful viscosity solution framework (Crandel et al. [7] ). Another problem of great interest is to consider transaction costs, reinsurance, and/or investments. Similar work in the setting of controlled diffusions can be found in [4, 6] and others.
